hep-th/0005074 



The Ramond-Ramond self-dual 
Five-form's Partition Function on T 10 

Louise Dolan* 

q ' Department of Physics and Astronomy 

^ ! University of North Carolina 

Chapel Hill 



O 



X 



North Carolina 27599-3255 
Chiara R. Nappi^ 



> 

t^. ' Department of Physics and Astronomy 

O ' 

. and Caltech- USC Center for Theoretical Physics 

§ ' University of Southern California 



Los Angeles, CA 90089-2535 



& 1 : ABSTRACT 



In view of the recent interest in formulating a quantum theory of Ramond- 
Ramond p-forms, we exhibit an SX(10, Z) invariant partition function for the 
chiral four-form of Type IIB string theory on the ten-torus. We follow the strategy 
used to derive a modular invariant partition function for the chiral two-form of the 
M-theory fivebrane. We also generalize the calculation to self-dual quantum fields 
in spacetime dimension 2p = 2 + 4k, and display the SL(2p, Z) automorphic forms 
for odd p > 1. We relate our explicit calculation to a computation of the B-cycle 
periods, which are discussed in the work of Witten. 
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1. Introduction 



The calculation reported in this paper extends the methods in [1]. The result 
is of interest as it involves a Ramond-Ramond chiral form (while in [1] we dealt 
with a chiral- two form in six dimensions which is a NS form). Although restricted 
to the ten-torus, the result is useful in view of the analysis in [2, 3, 4] which sets 
out a method for calculating the partition functions of self-dual Ramond-Ramond 
fields in Type II string theory on general manifolds and emphasizes their central 
role in formulating a quantum theory of non-Lagrangian fields. 

Our calculation also provides an explicit formula for the partition function of 
the self-dual p-form G p on T 2p when the dimension of spacetime 2p = 2+Ak is twice 
odd, (for odd p > 1). These dimensions occur since the Hodge star operator * can 
be used to define a self-dual p — (1 + 2&)-form for Minkowski signature metrics"'" 
(which are needed for quantum mechanics) and has ** = 1. The dimensions (2+Ak) 
are the same as those for which Kervaire invariants are defined. The question of 
modular invariance of the partition function of self-dual quantum fields on general 
(2 + 4/c)-dimensional spacetimes can be related to these invariants through the 
work of [5, 6, 7]. 

For the torus compactifications, we identify the actual value of the determinant 
A describing the contribution of the non-zero modes, where the partition function 
is Z = ^. From the sum over zero modes, we find the theta function and an 
explicit representation of the period matrix, which alternatively could be derived by 
a direct assignment of the B-cycle periods [2]. The ten torus example corresponds 
to zero shift in the Dirac quantization condition for the five-form field strength G5, 
so it can be formulated without applying the elegant K-theory techniques of [2, 3]. 
Thus our examples do not probe certain fundamental properties of self-dual RR 

I If we define the Hodge dual operation which converts a d-form into a (D-d)- 
form as (* J) Ml ...M D - d = jjeM 1 ...M D _ d ^ 1 ... t i d J^- ^ d where e Ml ...M D _ dtll ... tld = 

g Ml N 1 ...9M D _ d N D _ d g^ 1 g^ d e N ^ N ^--^^hcn (**J)^-« = (-!)&-*)* g D ^ J»-. 
So for Minkowski signature metrics, which have \gn\ = ~9d, we have D = 2d with odd d 
for ** = 1. 
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fields on arbitrary manifolds, but nonetheless provide an explicit case of B-lattice 
basis vectors, which are somewhat involved to calculate directly even on the flat 
torus with a general metric. Given the complicated nature of actual constructions 
on general manifolds, we display the SL(2 + 4k, Z) automorphic forms for quantum 
self-dual fields on the torus, although the relevance to string theory for k > 2 is 
not apparent. 

The first step is, of course, to define the partition function. Given the notorious 
difficulties in writing down covariant Lagrangians for a chiral form, we will not 
start with a Lagrangian (which we do not have) and write down the path integral. 
Rather, as usual in string calculations [8], we compute the trace tre -fW on the 
twisted ten-torus. To that purpose we define the Hamiltonian and the momenta 
for our theory along the lines of [1]. Our formalism for the Ramond-Ramond 
self-dual five-form partition function will be manifestly <SX(9, Z) invariant, which 
combined with an extra SL(2,Z) symmetry we show, will ensure its SL(10,Z) 
modular invariance on the ten-torus. 

While the partition function for the two-dimensional chiral boson in two di- 
mensions is not modular invariant, in [1] we proved that the chiral two-form of 
the M-theory fivebrane is SL(Q, Z) modular invariant on the six-torus. That proof 
is generalizable to any chiral 2/c-form, for integer k > 0, which corresponds to a 
(2k + l)-form self-dual field strength in 2 + 4k dimensions. A crucial step is to view 
T 2+4k as the product T 2 x T 4k . The extra SL(2,Z) symmetry mentioned above 
is the one associated with the two-torus T 2 . 

As usual, the calculation of the trace factorizes as Z = Z osc ■ Z zero mo des; where 
Z osc is the contribution from the sum over the oscillators and Z zcro mo des comes 
from the sum over the zero modes. The sum over the zero modes will have an 
anomaly under SL(2,Z) which cancels against a similar anomaly in the sum over 
oscillators. 

The sum over the oscillators associated with the three degrees of freedom of the 
two-form potential of the M-theory fivebrane factored into sums over "massless" 
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and "massive" modes, according to whether they had zero momentum or non-zero 
momentum on T 4 . The SL(2, Z) anomaly needed to cancel the anomaly coming 
from the zero modes was due to the contribution of the '2d-massless' modes, i.e 
the modes with zero momentum in the transverse directions on T 4 . The modes 
with non-zero momentum on T 4 behaved like massive scalars in two dimensions, 
and did not have any anomaly. The overall effect was that the three degrees of 
freedom of the chiral two-form mimicked the situation of three non-chiral bosons. 
A similar thing will happen with the chiral 2&-form studied in this paper. The 
compactificaton on T 10 can be viewed as compactification on T 2 x T 8 . Effectively, 
the thirty-five degrees of freedom of the four-form potential (which is the 35 c 
representation of the Spin(8) little group for lOd massless states) behave like thirty- 
five 2d non-chiral scalars. 

Our formula has the property that in the case of T 2p for odd p > 1, there is 
no spin structure dependence. The situation can be different for compactifications 
on more general manifolds [5, 6, 9]. A general analysis of the correlation functions 
of 2A;-chiral forms, including the SL(2 + 4k, Z) modular invariance of the torus 
compactification, is provided by Henningson, Nilsson, and Salomonson in [9] using 
holomorphic factorization. 

Section 2 describes the application of the method of [1] to the Ramond-Ramond 
chiral four-form of Type IIB string theory. Section 3 generalizes our results to 
spacetime dimension 2 + 4k. In sections 3 and 4, from our calculation of the 
partition function, we identify the relevant period matrix, omega function, and the 
A- and B-lattices, as introduced in [2]. For the case p = 3, we show how for a 
rectangular torus our period matrix corresponds to a direct computation of the 
periods of the A- and B-cycles, and this can be extended easily for general p. 
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2. The G b Partition Function on T 10 



We start with a chiral four-form in ten dimensions Bmnrs with a self-dual five- 
form field strength H LM nrs = d L B M NRS + dMB N RSL + dNBRSLM + dRBsLMN + 
dsBiMNR (1 < L, M, N < 10), which satisfies 

Hlmnrs(9i Q W ) = - /—^ Gll'Gmm'Gnn'Grr'Gss 1 ^ 1 m n rs p Q TUV Hpqtuv0, & W ) 
5! v — G 

(2.1) 

where Gmn is the lOd metric. Following [10, 1], we use this equation of motion to 
eliminate the components Hio mnrs in terms of the other components Hi mnrs with 
l,m,n,r,s = 1...9. The independent fields Hi mnpq form a totally antisymmetric 
tensor which is no longer self-dual. To describe the partition function of the chi- 
ral four-form, we use their Hamiltonian and momenta which are written in a 9d 
covariant way: 

1 f 2lv 

n = W)J MK - M ^ G " G ' mm G » w wn^g, n H„ m , nVq ,(o, o m ) 



(2.2) 

5 f 27T 

Pi = — 2(5!) 2 J d9 ...d9 e rsvwumnpq H umn p q (9,9 )Hi rsvw (9,9 ) (2.3) 
o 

where now indices are raised with the 9d-metric Gg 171 and £123456789 = 

C7 9e 123456789 = C7 9 . 

An arbitrary flat metric Gmn 011 T w is a function of 55 parameters and can 
be represented by the line element 

ds 2 =R 1 2 (d6 l - ad9 10 ) 2 + R w 2 (d9 10 ) 2 

+ 9y(d9 l -{3 l d9 1 -fd9 w )(d9J -pd9 1 -^d9 w ). ^ 

i,j=2...9 

Above, < 9 1 < 2n, 1 < / < 10 and we have singled out directions 1 and 10, 
in accordance with viewing T 10 as T 2 x T 8 . The direction 10 will be our time 
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direction. The 55 parameters are R\, Rio, gij (an 8d metric), fi 1 ,^ 3 (the angles 
between directions 1 and i,j respectively); and a is related to the angle between 
1 and 10. As in string theory [8], the partition function is given in terms of the 
Hamiltonian and momenta by 

Z{Ri,Rio,g ij ,a,(5 i , 1 i ) = tr exp{-fH + i2naP 1 + i2n(ap i + f )Pi} (2.5) 

where t = 2irRio. (Notice the metric in (2.4) is one that has been rotated to 
Euclidean signature.) The partition function (2.5) is by construction SL(9, Z) 
invariant, due to the underlying SO (9) invariance in the coordinate space we have 
labelled I = 1...9. We will show it is also SL(2,Z) invariant in the directions 1 
and 10. The combination of these two invariances yields the SX(10, Z) invariance 
of the automorphic form given by Z in (2.20), along the lines of [1]. 



The Zero Modes of the Partition Function 

To trace on the zero mode operators in (2.1), we express the Hamiltonian (2.2) 
and momenta (2.3) in terms of the metric parameters in (2.4) 

-tH + i2naP 1 +i2jr(aP i + f)P; = {-^RioRiy/gg 1 * J? g k * gP ' 9 qq ' H ijkpq H i>mq , 



(4!) 2 |r| 2 Ri 

- nA jkpqj kpQ [Hljkpq + Xjkpq] [Hlj'k'p'qi + Xj'k'p'q'}) 

(2.6) 

where g^ J g kk g pp g qq ^ = ^(g 3J g kk g pp g qq — . . .) has 4! terms antisymmetric in 
jkpq, 

„ = ai tt _i_ J-l j' k' p q ghg' h' tt in n\ 

x jkpq — H ^-ijkpq < ^[^2 ' jkpqj'k'p'q't ^ighg'h'i K^-' J 

A jkpqj'k'p'q' = ^^4! g W g^' g PP g qq] + ^kpqj'k'p' q' ^ (3.8) 

Ri 

and r = a + i^- is the modular parameter of the two-torus. 
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The trace in the partition function (2.5) is over all independent Fock space 
operators which appear in the normal mode expansion of the free massless tensor 
gauge field Bmnrs- The zero mode eigenvalues of the seventy fields are 
labeled with the integers n\, ...,7170 in Z 70 , while the zero modes of the fifty six 
fields Hijkpq are labeled by the integers 7271, 77426- Here 2 < i,j, k,p, q, < 9. We 
make this subdivision since the H\^ vq remain non-zero in the "2-d massless" limit 
obtained when the momenta on the eight-torus are zero, i.e. pi = 0. Since only 
the "2-d massless" oscillator modes contribute to the anomaly, only this subset 
of seventy zero modes will be needed for the cancellation. In general, on a flat 
torus of any dimension 2 + 4k, the zero modes can be separated into H^pq and 
Hijkpq . Since the physical degrees of freedom of the chiral gauge field Bmnpq... 
are described by the rank 2k complex antisymmetric tensor representation of the 
little group SO (4k), the number of physical degrees of freedom appearing in the 
oscillator calculation will always be equal to the number of zero modes in the set 
Hijkpq..., so the anomaly will always cancel on the torus. 

The contribution from the zero modes is then 

^zeromodes = ^ ex P{~^ : ^^ Vff^V^ ' 9^ 9^ 9 9Q ' HijkpqHi'fk'p'q' 



n 7 i,...,ni26G-2 56 

7T R\0 



(4!) 2 |r| 2 Ri 

fJ -n(n+x)-A-(n+x) 



Jg4\gW 'J* 'gPP ' g^H^H^^} 



e 

n\,...,mo€Z 70 

(2.9) 

where A is a rank 70 matrix with An = ^23452345^ Al?Q = ^23456789^ . ^ = 
^2345, ■ ■ - ,X7o = £67895 and #12345 = ^1 , • • • , #16789 = "-70- The description of 
^zeromodes by the Riemann theta function 6 g (0, Tjj), defined as in [11], with 
the 126x126 symmetric non-singular complex period matrix Tjj is discussed in 
section 3. 

To check the modular invariance of the partition function, we argue as follows. 
In analogy with the modular group SL{2,Z) on the two-torus which can be gen- 
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erated by the two transformations r — > — r _1 and r — > r + 1, the mapping class 
group of the n-torus, i.e. the modular group SL(n,Z), can be also generated by 
just two transformation as well [12]. The transformation 

Ri -> i?i|r|, i?i -> Rw\t\~\ a -> -|rp 2 a, -> 7* -> -/?*, ^ -> 

(2.10) 

is an SL(10,Z) transformation which leaves invariant the line element (2.4) if 
dQ l -> d(9 10 , d(9 10 -> -d6>\ d6>* -> dfl*. It is the generalization of the usual SX(2, Z) 
modular transformation r — > — r _1 . It can be checked along the lines of [1] that 
(2.10) differs from a generator of SX(10, Z) only up to an SL(9, Z) transformation. 
Since we have SL(9,Z) invariance, invariance under (2.10) is therefore sufficient 
to prove invariance under that SX(10, Z) generator. 

In order to study the properties of the partition function under (2.10), it is 
convenient to use the Poisson summation formula [8] 

e -*{n+x)-Mn+x)) = (deti4)"3 e ~^ A ~ Kn e 2 ^ x . (2.11) 

neZP neZP 

to reexpress the sum over the zero modes n\, ...,1170. After such resummation, we 
obtain 

n 7 i,...,ni26e^ 56 

(4!) 2 |r| -n-i 

E 7T R W .a rjjkpq rjj'k'p'q 

eX P|- |2 (^-V9 Al 9[jj'9kk'9pp'9q q '} ~ i-ejkpqj'k> P >q>) H i H{ 

+ ^H{ kpq (pH ijkpq + A- l ]krk J k '3 h H ighl ^)} 



(2.12) 

where the flf M are defined to be the integers Hij kpq , and i is given by 

a — l i i— 2 r -^10 ■ ^ i , > 

"4 jkpqj'k'p'q' = M {-5 -p / ±-9[jj'9kk'9pp'9q q ']- l — e jkpqi l k l p'q')-, (2-lo) 

-"4 9 
and ^4 defined below (2.9) can be proved to have det A = |r| 70 . With this rewrit- 
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ing (2.12) , it is more convenient to show that under (2.10) Z zer omodes changes 
according to 

^zeromodes(-Rl|T|, J Rlo|rp 1 ,5fy, -a\r\ 2 ,f, ~(3 % ) = (det A)% Z zeromodes (Ri,R W ,gij,a,P\^ 1 ) ■ 

(2.14) 

Therefore (2.10) generates an anomaly that needs to be cancelled by the sum over 
the oscillators. (The determinant det A = |r| 70 does not depend on the other 
parameters of the torus metric since A and A^ 1 are effectively proportional to 
each other, such that 1 = det A det A^ 1 = (det A) 2 |r|~ 140 .) 

The other SX(10, Z) generator, the analogue of r — > r + 1, instead leaves 
invariant both the zero modes and the oscillators as in [1], and we will not discuss 
it further. 

The Anomaly Cancellation 

To sum over the oscillators, the key point to realize is that the chiral four-form 
in ten dimensions has 35 independent degrees of freedom. Hence the partition 
function can be written as 

Z = ^zero modes • tr e" 2 " ^ B^R W £, VCT^ «~ (2 . 15) 

where 1 < k < 35, and Bp , Bp are the creation and annihilation operators associ- 
ated with each degree of freedom, obeying the canonical commutation relations 

[Bp,B^] = 5^dpp. (2.16) 

The momenta pi = n\ G Z^ are integers since we are compactifying to the torus, 
and the momentum pio can be written explicitly in terms of the other components 
by using the equation of motion as in [1] 

P w = ~ Qiow Pm ~ l \j QWwP mPn (2.17) 
= -ap!- [aft + 7 >i - iRw^/G^ n p mPn 

where 2 < i < 9 ; 1 < m,n < 9. 
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The standard Fock space computation truj^p papap = Yl 'l2k=o(k\u papap \k) = 
lip i-ojp i s use d to do the trace on the oscillators in (2.15) giving 



7-7 (^nR^y.^/G'^mnm TT 1 \35 

Z -Z zcmmodos - [e ^-v 11 1 _ e -i2* Pl0 ) ■ (2.18) 

(2.18) is manifestly SL(9,Z) invariant since pio is. The vacuum energy 



Y G l ™ n i n m is a divergent sum which we regularize in a way that preserves 
the SL(9,Z) invariance, similar to the calculation performed in [1]. 

The regularized version is then 
Z =Z zcmmodea ■ ( e - R ^ 5l2 ^sj^S^w TT 1 ) 35 

- L - L _ i _ „~2nR 10 jG l a m n l n m +i2-Kani+i2n(a[3 i +'y t )n t / 

(2.19) 

-^zero modes is given in (2.9) . We separate the product on n = (n,n±) 7^ into 
a product on (all n, n±_ ^ 0) and on (n ^ 0,nj_ = 0), where nj_ = rii is the 
momentum on the eight torus. Then (2.19) becomes 

Rio „ 1 .35 



Z =Z zoro modes • ( e ^i^ 2 ' ) ] [ =- ) 



• ( TT e -2^io<//>n ± jT 1 ) 35 

rii^(0,0,0,0,0,0,0,0) i e v 

= ^zeromodes ' {v(t)v(^)) ^ 

. ( TT e -2*Rio<H> n± TT 1 N35 

AA ■ LJ - i p -27ri?ioVG( ) m nin m +i27rani+i27r(a/3 i +7 i )n/ 

n i7 ^(0,0,0,0,0,0,0,0) ni€Z 1 e v 



(2.20) 



where t = a + i^- and 



< H > n± = -|n ± | 2 i?i cos(n ± • /327m 1 ) [K 2 (27m 1 i?i|n ± |) - ir (27rn 1 J Ri|n ± |)] 

n J =l 

(2.21) 

as given in appendix A of [1], but with n±_ now given by the eight- vector n{. In 
(2.20) we have separated the contribution of the '2d massless' scalars (with zero 
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momentum n±_ = 0) from the contribution of the '2d massive' scalars. The latter 
modes are associated with the eight-torus momentum n±_ 7^ and correspond to 
massive bosons on the 2-torus. Their partition function at fixed n±_ is 



e 



-2ttR 10 <H> n I 



TT ; (2-22) 



I _ e -2%R wv /G l g m nin m +i2TTani+i2-K(af3 i +^) 



and is SL(2, Z) symmetric by itself, since there is no anomaly for massive states. 
The only piece of (2.20) that has an SL(2,Z) anomaly is the one associated with 
the '2d massless' modes 

where the Dedekind eta function t)(t) = e~ Yiri=i(^~ e 2mTn \ and ((2) = ^- comes 
from regularizing the divergent sum Xml n l- Under the SL(2,Z) transformation 
(2.10) of sect. 3, r -> -\ and 

(v(rMf)r 35 - \r\- 35 (v(r)mr 35 • (2-23) 

This is how the oscillator anomaly cancels the zero mode anomaly in (2.14). 
Hence the combination Z zero mo des ' (v( t )v(t))~ 35 is SL(2,Z) invariant, and the 
expression for the partition function Z derived in (2.20) is SL (10, Z) invariant. 
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3. SL(2p, Z) Automorphic Form 

Following the generalization of the last section, we can now give the partition 
function for the self-dual p-form on T 2p for odd p > 1. It is invariant under 
SL(2p, Z). The number of physical degrees of freedom F of the chiral (p— l)-form 
abelian gauge field with self-dual field strength Hi lm „i compactified on T 2p for odd 
p > 1 is F = j; 77pT[jpp ■ The total number of zero modes is P = ^ j^Ti which is half 
the middle Betti number on the torus, b p (T 2p ) = dim H p (T 2p ; Z) = ( 2p ) = 2P. 
Viewing T 2p as T 2 x T 4k , we see the oscillator trace again breaks up into a product 
over '2d-massless scalars' given by {ri(T)f}(f))~ F and '2d-massive' scalars so that 

Z(R 1 ,R 2p , gn, a, ?, 7*) = trexp{-tH + i2naP 1 + i2ir(ap i + f)Pi} 

= Zzeromodes • (7](r)f](f)) F 

■ ( TT e -^Rip<H> n± TT 1 ) F 

V J-- 1 - H i _ -2irR 2p jG l £_ 1 nin m +i2-Ka.n l +i2-K{a(3<-+r)n l > 

m^(0,...,0) ni€Z J- c 

(3.1) 

where 

^zero modes = exp{-7T^p- v^ 1 *' 1 . . . ■H il .. Ap H i ^ Vp 

n 2 F+i,---,n P eZ p -' 2F 

— ^Jg-g [jlJ,1 ---g jp - lfp - l] H tn j L H 

(p-i)\\t\ 2 Ri 

e -7r(n+o;)-A-(n+a;) 

ni,...,ri2FG2 2F 

(3.2) 

with 

^jl-jp-lj'l-j'p-l — ^ 2 P ^Jg gljlj'l _ _ _ ^7'p-Up-l] _|_ iacJl-jp-lj'l-j'p-l ^ 

T . . - ff-U.. . _ I ? Jj" 1 . . ., ., J'i-j'p-iki-k p -i tt 

x Ji->-i — P ^iji-Jp-i + ^ _ 1)1)2 ' 1/1 Ji->-Ui-Jp_i e n iki...k v --i , 

- 4 3i-j P -i3i-f p -i = M ITT^^ ~ ' (/ -' ' ' ' ~ l - 6 3i-3 P -i3'i-3' P -i I 

and the transverse directions corresponding to directions on T 4fc are . . . = 

2, ...,2p-l, for p = l + 2fc. 
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Our proof shows the invariance of (3.1) under the generators of SL(2p,Z) 
which are given by the two transformations generalizing r — > r — 1 and r — > — ^: 

i?i -> i?2 P -> #2 P , a -> a - 1, -> f -> 7* + 0ij -> £y I 

1 2 ... 

i?i -> i?i|r|, i? 2p -> ^pkr , a -> -|t| a, -> 7*, 7* -> -> . 

(3.3) 

We can express (3.1) as Z(R\, Rip-, gij, a, (3 l , 7*) = § where our explicit calculation 
of A gives 

1 (2p-2)! 

A = (77(2)77(1)) 2 Ti^v? 

1 1 (2p-2)! 

• ( TT e - 2 ^ P <//>„ ± TT 1 ) — Tto=W 

11 , 11 1 _ p -27ri?2pv /G, 2p-i^ n ™+*27rani+i27r(Q/3 l +7 l )n l 7 

nj/(0,...,0) ni€Z 1 e 

(3.4) 

A is the trace over the non-zero modes of the self-dual G p on the manifold T 2p , 
for odd p > 1. For a different manifold M 2p , the function A would be different. 

The zero mode contribution Z zem mo des is a Riemann theta function (with 



zero-valued characteristics) 6 g (0, T) = ^ m np€ZP expfynn 1 n J Tjj} where 
the rank P complex symmetric period matrix Tjj can be reconstructed from (3.2). 
This particular theta function is one of the 2 2P spin structures on a Riemann 
surface of genus P. (A Riemann surface S ff of genus g has 2 2g spin structures 
which transform into each other under Sp(2g, Z), the mapping class group of E s ). 
According to our proof, this particular theta function 6 g (0, T) multiplied by 
(Tj( T )v(^)) F i s actually invariant under an SL(2p, Z) subgroup of Sp(2P, Z). (On 
T n , there are 2 n spin structures, which in general transform into each other under 
SL{n,Z)). 
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4. Calculation of the Period Matrix from A- and B-cycles 

We now discuss our result in terms of the description via the period lattice 
and omega function given in [2,3] for calculating partition functions on arbitrary 
spacetimes of dimension 2 + 4k. We identify the period matrix in our expression, 
and show how for the simple case of a rectangular torus, it indeed could have been 
constructed directly from the A- and B-cycle periods. For the general flat metric, 
however, our formula provides a simple expression for the B-lattice basis vectors 
(on the torus), which otherwise would be more complicated to compute directly. 

To this end, we focus on the theta function given by our formula in the simplest 
case of the fivebrane chiral two- form (p — 3). In general, our p-forms are closed, 
since they are locally exact G p = dB, and their periods ^ j v G p , defined with 
respect to p-cycles U p will take values in the period lattice A = H p (T 2p ; Z) = 
z b P (T 2p ) = z ( 2 p = Z 2P ? where 2 p = ( 2 P). For the fivebrane on T 6 , the period 

lattice is A = H 3 (T 6 ; Z) = Z 20 . The lattice A = Z 20 has 2 20 theta functions and 
the number of zero modes is P = 10. The 2 20 theta functions correspond to those 
defined on the Riemann surface Sio of genus g = 10. Z zeTO mo des is given by the one 
that has zero characteristics and is invariant (up to a c-number multiple) under 
SL(6,Z). To display its 10 x 10 period matrix 7}j we find, from rewriting [1] the 
explicit sum over the zero modes in (3.1) , that the relevant theta function is 

^zeromodes = ^g U ' g"' g kk ' H ijk H V y k , 

ni,...,n 10 eZ 10 

- l^(9 jj ' 9 kk ' - 9 jk '9 kj ') + iae^']H ljk H irk , 

- l[^(9"'g kk ' - g jk 'g kf ) + iae^' k 'WH ljk H irk , 

- \[^V~g(g jj 'g w - g Jk 'g kf ) + W W 'H ijk H ilfk , 

- Y^^^ k H ljk H ij'k'} 

exp^TmVT/j} = Q ( x ) ein{X,Tx) = (O' T /J) 

ni,...,n w eZ w xGAi 

(4.1) 
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where #123 = m, E\24 = n 2 , #125 = n 3 , #134 = n 4 , #135 = n 5 , #145 = n 6 , 
H234 = n 7 , H235 = n 8 , #245 = n Q , H M5 = n w . So we identify Ai = Z 10 , the 
omega function restricted to Ai as Q(x) — 1, and the 10 x 10 period matrix Tjj in 
terms of the parameters of the metric, i.e. T\\ = ij^^fg(g 22 g 33 — g 23 *? 32 ), etc. For 
an arbitary flat metric on T 6 , all components of Tjj are non- vanishing. 

For simplicity, we reduce to the case of a metric for a rectangular torus. Then 
G n = R\, g 2 2 = R\ 933 = R% 944 = R% 955 = R% G m = R 2 & (and all other 
parameters gij = for i 7^ j, and a,/9*,7* = 0. ) The period matrix which occurs 
in (4.1) then has only non- vanishing diagonal components given by 



Tn = i 
T33 

%5 



.RQR5R4 ~ .R&R3R5 

T22 = % 



R1R2R3 
R&R3R4 



R1R2R5 

.RQR2R4 



R1R3R5 



.RiRe>R5 
T 77 = % 



99 



R2R3R4 
RiRqRs 



R2R4R5 



44 



R1R2R4 ' 
.RQR2R5 

f 



= i ReR2R3 ( } 

RiR 4 R 5 
.RiRqR^ 

.R\RqR2 



To 10 



R3R4R5 



Alternatively, we can derive these components of the period matrix directly by 
picking the 'B-periods' as follows. Using the method of [2], we construct the period 
matrix of the theta function by noting that for self-dual quantum fields we should 
sum over only half the periods, i.e. those which lie on the A-lattice. In this case, 
from [2] we find the lattice of A periods is Ai = H 3 (T 5 ; Z) = Z 10 , and the lattice 
of B periods is A 2 = H 2 (T 5 ; Z) = Z 10 , where A = Ai © A 2 . But the values the B 
periods take on reflect the choice of basis vectors of the B-lattice, i.e. the periods 
of the B-cycles lie on the lattice A# = X)/=i n i1~u where nj E Z 10 . That is to 
say, the values of the periods J v HiMNdx L A dx M A dx N lie in A#, when U3 is a 
B-cycle, for eg. one of ten possible basic cycles corresponding to Hqmn- 

The A-cycles (whose periods lie on the integer lattice Ai = X)/=i n l$lj) cor- 
respond to the other ten components of Hlmn, i-e. #321, #421, • • • #543- 
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From the self-dual equation of motion [1], we have for instance #654 = 
1 r> r> n c 65432i tt ■ a 

7^ Ct qqU 550-446 #321, 1-e. 

.RqR^R^ , , 

^ 654 = * w^ 321 • (4 - 3) 



Therefore, if the period over the A-cycle correponding to H321 is n, then the 
period of the B-cycle corresponding to #654 is Tun where T\\ = z j^j^ 4 . This 
last sentence is due to the self-dual equation for #654 given in (4.3) above. So 
this gives us a direct computation of Tu, and it matches what we found from our 
calculation of the partition function (4.2) . (All components Tjj follow similarly ). 



5. Conclusions 

In this paper we computed explicitly the partition function Z — ^ of the type 
IIB superstring chiral four-form on a ten-torus, and extended the result for the 
general chiral (p — l)-form on T 2p for all odd p > 1. We found expressions for the 
determinant of the non-zero modes A, and the period matrx 7}j occuring in the 
theta function describing the zero modes, in terms of the metric parameters of the 
spacetime torus. We also showed how this period matrix comes in from a direct 
calculation via the cycles. 

In analogy with the SL(2, Z) modular invariance of 2d string theory, the par- 
tition function of the self-dual £>-form field strength has SL(2p, Z) modular in- 
variance on T 2p for odd p > 1. Invariance under the mapping class group of the 
spacetime would not necessarily be the case for more general manifolds. In general, 
a knowledge of the partition functions for self-dual p-forms on various manifolds 
may lead to a better formulation of these non-Lagrangian fields and ultimately the 
description of unitarity in M-theory. 
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